Abstract. Let I g be the Torelli group of an oriented closed surface S g of genus g, that is, the kernel of the action of the mapping class group on the first integral homology group of S g . We prove that the kth integral homology group of I g contains a free abelian subgroup of infinite rank, provided that g ≥ 3 and 2g − 3 ≤ k ≤ 3g − 6. Earlier the same property was known only for k = 3g − 5 (Bestvina, Bux, Margalit, 2007) and in the special case g = k = 3 (Johnson, Millson, 1992). We also show that the hyperelliptic involution acts on the constructed infinite system of linearly independent homology classes in H k (I g ; Z) as multiplication by −1, provided that k + g is even, thus solving negatively a problem by Hain. For k = 2g − 3, we show that the group H 2g−3 (I g ; Z) contains a free abelian subgroup of infinite rank generated by abelian cycles and we construct explicitly an infinite system of abelian cycles generating such subgroup. As a consequence of our results, we obtain that an Eilenberg-MacLane CW-complex of type K(I g , 1) cannot have a finite (2g − 3)-skeleton. The proofs are based on the study of the Cartan-Leray spectral sequence for the action of I g on the complex of cycles constructed by Bestvina, Bux, and Margalit.
Introduction
Let S g be an oriented closed surface of genus g. Recall that the mapping class group of S g is the group
Mod(S g ) = π 0 Homeo + (S g ),
where Homeo + (S g ) is the group of orientation preserving homeomorphisms of S g on itself. The action of the mapping class group on the first integral homology group of S g preserves the intersection form and yields the surjective homomorphism Mod(S g ) → Sp(2g, Z).
The kernel of this homomorphism is called the Torelli group of S g and is denoted by I g .
It is a classical result that Mod(S 1 ) = SL(2, Z), and so I 1 is trivial, cf. [5, Theorem 2.5]. Mess [14] proved that I 2 is an infinitely generated free group. (The fact that I 2 is not finitely generated was earlier proved by McCullough and Miller [13] .) Johnson [10] showed that for g ≥ 3, the group I g is finitely generated, and described explicitly a finite set of generators. Nevertheless, the structure of the Torelli groups I g , where g ≥ 3, is still rather poorly understood.
An interesting and important problem is to study the homology of the Torelli groups I g , g ≥ 3. For the sake of simplicity, we denote the homology groups H k (G; Z) with integral coefficients simply by H k (G). The group H 1 (I g ), i. e., the abelianization of I g was computed by Johnson [11] . He showed that and described explicitly the structure of an Sp(2g, Z)-module on this group. For k ≥ 2, the problem of explicit computation of H k (I g ) seems to be extremely hard. So the reasonable questions are:
• Which groups H k (I g ) are trivial and which are not?
• Which groups H k (I g ) are finitely generated and which are not? One of the first results towards the latter question was obtained by Akita [1] who showed that for g ≥ 7, the total rational homology group
is an infinite-dimensional vector space. For g = 3, it is known that either of the groups H 3 (I 3 ) and H 4 (I 3 ) contains a free abelian subgroup of infinite rank, see [14] and [6] , respectively.
In 2007 Bestvina, Bux, and Margalit [2] developed a new method for studying the homology of the Torelli groups based on the Cartan-Leray spectral sequence for the action of I g on a special contractible cell complex B g called the complex of cycles. They proved that the cohomological dimension of I g is equal to 3g − 5 and the top-dimensional homology group H 3g−5 (I g ) is not finitely generated. (Recall that the cohomological dimension cd(G) of a group G is the largest integer n for which there exists a G-module M such that H n (G; M) = 0.) Moreover, the proof in [2] actually yields that H 3g−5 (I g ) contains a free abelian subgroup of infinite rank, see Remark 2.6 below. Until now, for no intermediate dimension 1 < k < 3g − 5, it has been known whether the group H k (I g ) is finitely generated or not, except for the above mentioned case k = g = 3 due to Mess. The main result of the present paper is as follows. Theorem 1.1. Suppose that g ≥ 3 and 2g − 3 ≤ k ≤ 3g − 6. Then the group H k (I g ) is not finitely generated. Moreover, H k (I g ) contains a free abelian subgroup of infinite rank.
Recall the definition of an abelian cycle. Let h 1 , . . . , h k be pairwise commuting elements of a group G. Consider the homomorphism χ : Z k → G that sends the generator of the ith factor Z to h i for every i. We denote by A(h 1 , . . . , h k ) the image of the standard generator µ k of the group H k (Z k ) ∼ = Z under the homomorphism χ * : H k (Z k ) → H k (G). Homology classes A(h 1 , . . . , h k ) are called abelian cycles.
Vautaw [16] proved that the Torelli group I g does not contain a free abelian subgroup of rank greater than 2g −3. Since I g is torsion-free, this result implies that the group H k (I g ) contains no non-trivial abelian cycles, provided that k > 2g − 3. For k = 2g − 3, we can refine Theorem 1.1 in the following way. Theorem 1.2. Suppose that g ≥ 3. Then the group H 2g−3 (I g ) contains a free abelian subgroup of infinite rank whose generators are abelian cycles. Remark 1.3. For g = 3, Theorem 1.1 exactly recovers the already mentioned result by Johnson and Millson (unpublished, see [14] ) that H 3 (I 3 ) contains a free abelian subgroup of infinite rank. Nevertheless, Theorem 1.2 seems to be a new result even for genus 3. For each pair (g, k) such that g ≥ 4 and 2g − 3 ≤ k ≤ 3g − 6, the assertion of Theorem 1.1 is a new result. Remark 1.4. Our proof of Theorem 1.2 is constructive, which means that we shall construct explicitly an infinite set of linearly independent abelian cycles in H 2g−3 (I g ). (Recall that elements of an abelian group are linearly independent if they form a basis for a free abelian subgroup of this group.) Notice also that this construction does not use the result of Bestvina, Bux, and Margalit [2] claiming that the group H 3g−5 (I g ) is infinitely generated. On the contrary, our construction of an infinite set of linearly independent homology classes in H k (I g ), where 2g − 3 < k < 3g − 5, is in a sense a mixture of our construction of an infinite set of linearly independent abelian cycles in H 2g−3 (I g ) and the Bestvina-Bux-Margalit description of an infinite set of linearly independent homology classes in H 3g−5 (I g ). It is a debatable question whether the latter description can be regarded as an explicit construction. Our proof of Theorem 1.1 is constructive modulo this description.
The proofs of Theorems 1.1 and 1.2 are based on a more delicate study of the CartanLeray spectral sequence E Remark 1.5. Bestvina, Bux, and Margalit asked explicitly whether the groups H k (I g ) are infinitely generated whenever 2g − 3 ≤ k ≤ 3g − 6 (cf. Question 8.1 in [2] ), and suggested a possible approach towards obtaining the affirmative answer to this question. Though our main result (Theorem 1.1) is exactly the answer to this question, our proof does not follow the approach suggested in [2] . Namely, Bestvina, Bux, and Margalit showed that the term E 1 0,k of the Cartan-Leray spectral sequence for the action of I g on B g is infinitely generated, provided that 2g − 3 ≤ k ≤ 3g − 6, and concluded that if one could prove that this group remains infinitely generated after taking consecutive quotients by the images of the differentials d 1 , . . . , d k+1 , then he would obtain that H k (I g ) is infinitely generated, since E ∞ 0,k = E k+2 0,k injects into H k (I g ). This plan seems to be very hard to realize because it requires computation of higher differentials of the spectral sequence. Instead, we show that every group E ∞ n,3g−5−2n , where 1 ≤ n ≤ g − 2, contains a free abelian subgroup of infinite rank. This also implies that H k (I g ) contains a free abelian subgroup of infinite rank for 2g − 3 ≤ k ≤ 3g − 6, since the groups E ∞ p,k−p , p = 0, . . . , k, are consecutive quotients for certain filtration in H k (I g ). The crucial point in our approach is that we avoid explicit computation of higher differentials by mapping the Cartan-Leray spectral sequence E * * , * to certain auxiliary spectral sequences E * * , * (N) in which the corresponding differentials are trivial by dimension reasons.
Kirby's list of problems in low-dimensional topology [12] contains the following Problem 2.9(B) attributed to Mess: Given g, what is the largest k for which I g admits a classifying space with finite k-skeleton. (This is also Problem 5.11 in [4] .) The best previously known estimate k ≤ 3g − 6 was obtained by Bestvina, Bux, and Margalit [2] . The following is a direct consequence of Theorem 1.1. Corollary 1.6. If I g admits a classifying space with finite k-skeleton, then k ≤ 2g − 4.
Recall that the extended Torelli group of genus g is the subgroup I g ⊂ Mod(S g ) consisting of all mapping classes that act on H 1 (S g ) either trivially or by multiplication by −1. Obviously, I g /I g ∼ = Z/2Z, which yields the action of the group Z/2Z on the homology of I g . If we endow S g with the structure of a hyperelliptic complex curve, then the hyperelliptic involution s will be an element of I g not belonging to I g . Hence the action of Z/2Z on H * (I g ) is exactly the action of the hyperelliptic involution. If 2 is invertible in the coefficient ring R, then we obtain the splitting
where the generator of Z/2Z acts trivially on H * (I g ; R) + and acts as −1 on H * (I g ; R) − .
Hain asked in [7, Problem 4.2] whether or not H * (I g ; Z[1/2]) − is always a finitely generated Z[1/2]-module. The interest to this question is evoked by the following geometric interpretation of it. Consider the Torelli space T g , i. e., the quotient of the Teichmüller space by the (free) action of I g . Then T g has the homotopy type K(I g , 1), hence, H * (T g ; R) = H * (I g ; R). The space T g is the moduli space of compact smooth genus g complex curves C together with a symplectic basis in H 1 (C). Therefore we have the period mapping P : T g → h g , where h g is the upper Siegel half-space. Let J g be the image of P, i. e., the set of framed jacobians of smooth genus g curves. It is well known that for g ≥ 3, the mapping P : T g → J g is two-to-one, branched along the locus of hyperelliptic curves. Let σ be the involution on T g interchanging the pre-images of every point in J g . It is easy to see that the action of σ on H * (T g ; R) coincides with the above action of the generator of Z/2Z = I g /I g on H * (I g ; R). Obviously, P induces an isomorphism
So an equivalent formulation of the above question by Hain is whether the infinite topology of T g localized away from 2 comes from J g . 
(
+ contains an infinitely generated free Z[1/2]-module. This paper is organized as follows. In Section 2 we describe explicitly an infinite linearly independent system of abelian cycles in H 2g−3 (I g ) (Theorem 2.1) and an infinite linearly independent system of homology classes in H 3g−5−n (I g ) for every n = 1, . . . , g − 3 (Theorem 2.10). Also in Section 2, we show that these homology classes localized away from 2 lie in H k (I g ; Z[1/2]) − whenever g + k is even and in H k (I g ; Z[1/2]) + whenever g + k is odd. The rest part of the paper contains the proof that the constructed systems of homology classes are indeed linearly independent. The main tool is the Cartan-Leray spectral sequence for the action of I g on the complex of cycles B g . Section 3 contains necessary information on the complex of cycles B g and on the Cartan-Leray spectral sequence. In the last three sections we study the Cartan-Leray spectral sequence E if all components of M are endowed with orientations. (Notice that, by definition, an oriented multicurve is not allowed to contain a pair of components that are homotopic to each other with the homotopy either preserving or reversing the orientation.)
Most constructions in the present paper concerning curves and multicurves are determined up to isotopy. For the sake of simplicity, we shall later not distinguish between notation for a curve (or a multicurve) and its isotopy class. For instance, the subgroup of I g consisting of all mapping classes h that stabilize the isotopy class of a multicurve M will be denoted by Stab Ig (M) and will be called the stabilizer of the multicurve M.
We denote by [α] the (integral) homology class of an oriented simple closed curve α. We denote by a · b the algebraic intersection index of homology classes a, b ∈ H 1 (S g ). We denote by c 1 , . . . , c k the subgroup of H 1 (S g ) generated by homology classes c 1 , . . . , c k . We denote by T α the (left) Dehn twist about a simple closed curve α.
We choose a primitive element x ∈ H 1 (S g ) and fix it throughout the whole paper.
Further we always suppose that g ≥ 2.
2.1. System of linearly independent abelian cycles. Consider a splitting
where every U j has rank 2 and U i is orthogonal to U j with respect to the intersection form unless i = j. Then there is a unique decomposition
Let U be the set of all splittings of the form (2.1) such that all summands x i in the corresponding decomposition (2.2) are nonzero. Splittings obtained from each other by permutations of summands are regarded to be different, i. e., a splitting is an ordered g-tuple U = (U 0 , . . . , U g−1 ). Obviously, the set U is infinite. If a splitting U = (U 0 , . . . , U g−1 ) belongs to U, then every summand in decomposition (2.2) can be uniquely written as x i = l i a i , where a i is primitive and l i > 0. We denote by B(U) the set of all (g − 2)-tuples b = (b 1 , . . . , b g−2 ) such that b i ∈ U i and a i · b i = 1 for every i = 1, . . . , g − 2. (Notice that we do not choose elements b 0 and b g−1 in U 0 and U g−1 .)
It is easy to see that for each pair (U, b) such that U ∈ U and b ∈ B(U), there exists a (3g − 5)-component multicurve Γ = ∆ ∪ L, where
that satisfies the following conditions (see Fig. 1 ):
(∆1) δ 1 , . . . , δ g−1 are separating simple closed curves, (∆2) S g \ ∆ consists of g connected components X 0 . . . , X g−1 such that • X 0 and X g−1 are once-punctured tori adjacent to δ 1 and to δ g−1 , respectively, • for i = 1, . . . , g − 2, X i is a twice-punctured torus adjacent to δ i and δ i+1 , (∆3) the image of the homomorphism H 1 (X i ) → H 1 (S g ) induced by the inclusion is U i , (L1) β i and β ′ i are oriented simple closed curves contained in
) that is adjacent to δ i lies on the righthand side from β i . It is easy to check that all multicurves Γ satisfying these conditions for the fixed pair (U, b) lie in the same I g -orbit. Therefore the homology class
is well defined and independent of the choice of Γ.
, we denote by U and b the tuples obtained from U and b by reversing the orders of U j 's and b j 's, respectively, i. e.,
It is easy to see that
Theorem 2.1. Let U ′ ⊂ U be a subset containing exactly one splitting in every pair {U, U}. Choose any representatives b U ∈ B(U), where U ∈ U ′ . Then the abelian cycles A U,b U , where U runs over U ′ , are linearly independent in H 2g−3 (I g ).
Since the set U is infinite, Theorem 1.2 follows from Theorem 2.1. We denote the image of A U,b under the natural mapping
− whenever g is odd and lie in H 2g−3 (I g ; Z[1/2]) + whenever g is even.
Proof. Let s be the rotation of S g by π around the horizontal axis in Fig. 1 
which implies the required assertion.
The assertion of Theorem 1.7 for k = 2g − 3 follows immediately from Theorem 2.1 and Proposition 2.2.
2.2.
On the group H 3g−2 (I g,1 ). Consider an oriented compact surface S g,1 of genus g with one boundary component. Let Mod(S g,1 ) = π 0 Homeo(S g,1 , ∂S g,1 ) be the mapping class group of S g,1 , where Homeo(S g,1 , ∂S g,1 ) is the group of all homeomorphisms S g,1 → S g,1 that are identical on the boundary. Let I g,1 be the corresponding Torelli group, that is, the kernel of the natural surjective homomorphism Mod(S g,1 ) → Sp(2g, Z).
We shall need the following proposition, which is a reformulation of a result by Bestvina, Bux, and Margalit [2] . Proposition 2.3. Suppose that g ≥ 2. Then cd(I g,1 ) = 3g − 2 and the top homology group H 3g−2 (I g,1 ) contains a free abelian subgroup of infinite rank.
Proof. Bestvina, Bux, and Margalit considered the Torelli group I g, * for the oriented surface of genus g with one puncture rather than one boundary component. (However, they denoted this group by I g,1 rather than by I g, * .) Their result is precisely as follows: cd(I g, * ) = 3g − 3 and the top homology group H 3g−3 (I g, * ) is infinitely generated, see Theorem C and Lemma 8.8 in [2] . However, in fact, their proof yields a stronger result, namely, that H 3g−3 (I g, * ) contains a free abelian subgroup of infinite rank. Indeed, their proof is by induction on g and is based on the following two facts:
The former fact is contained in the proof of Lemma 8.8 in [2] . The latter fact can be extracted from [2] in the following way. First, by Lemma 8.10 in [2] , the group H 3g−5 (Stab Ig (v)), where v is a non-separating simple closed curve on S g , injects into H 3g−5 (I g ). Second, in the proof of Theorem C in [2] , a torsion free abelian group M is constructed such that the group H 3g−6 (I g−1, * )⊗M injects into H 3g−5 (Stab Ig (v)). Finally, by the construction, M is a subgroup of the first homology of a free group, hence, M is free abelian. Therefore H 3g−6 (I g−1, * ) injects into H 3g−6 (I g−1, * ) ⊗ M.
By Fact 2.4, H 3 (I 2, * ) ∼ = H 1 (I 2 ). Since I 2 is an infinitely generated free group (cf. [14] ), we obtain that H 3 (I 2, * ) is a free abelian group of infinite rank. Using Facts 2.4 and 2.5, we obtain by induction that H 3g−3 (I g, * ) contains a free abelian subgroup of infinite rank. Now, consider the short exact sequence
Here the subgroup Z ⊂ I g,1 is generated by the Dehn twist about a simple curve isotopic to the boundary of S g,1 , hence, is central in I g,1 . Since cd(I g, * ) = 3g − 3, the HochschildSerre spectral sequence for the central extention (2.3) yields the natural isomorphism
, which completes the proof of the proposition.
Remark 2.6. The above proof also yields that the group H 3g−5 (I g ), where g ≥ 2, contains a free abelian subgroup of infinite rank.
In the sequel, we shall need the following proposition, which is equivalent to Fact 2.5.
Proposition 2.7. Let v be a non-separating simple closed curve on S g , where g ≥ 2. Then any embedding ϕ :
Proof. We have the commutative diagram with exact rows:
Here the first row is exact sequence (2.3), the second row is the restriction of the Birman exact sequence obtained in [2, Lemma 8.3] , and K is the commutator subgroup of π 1 (S g−1, * ), where S g−1, * is a once-punctured surface of genus g − 1 obtained from S g \ v by forgetting one of the two punctures. Obviously, K is a free group. The group Z in the first row is generated by the Dehn twist T ε , where ε is a simple curve isotopic to the boundary of S g−1,1 . The element i(T ε ) represents a non-trivial homology class in H 1 (K), see [2, Lemma 8.6] . Since H 1 (K) is torsion-free, we obtain that the homomorphism
is an injection. This injection induces the homomorphism
where H 1 (K) is endowed with the structure of an I g−1, * -module corresponding to the second row of (2.4). (Since T ε lies in the centre of I g−1,1 , the action of I g−1, * on the Lemma 8.7] and used in the proof of Theorem C in [2] is exactly i * (Z).) Finally, consider the Hochschild-Serre spectral sequences for the rows of (2.4). Since cd(I g−1, * ) = 3g − 6 and cd(Z) = cd(K) = 1, these spectral sequences yield the commutative diagram
Thus ϕ * is an injection. Now, let us show that the constructed by Bestvina, Bux, and Margalit infinite set of linearly independent homology classes in
+ after localization away from 2.
The extended Torelli group I g, * consists of all mapping classes in Mod(S g, * ) that act on H 1 (S g, * ) either trivially or as −1. For the case of S g,1 , the most convenient definition of an extended Torelli group is as follows. Let I g,1 be the group consisting of all isotopy classes of orientation preserving homeomorphisms f : S g,1 → S g,1 such that either f acts trivially on H 1 (S g,1 ) and fixes ∂S g,1 pointwise or f acts as −1 on H 1 (S g,1 ) and acts as rotation by π on ∂S g,1 . Then I g,1 and I g, * are subgroups of index 2 of I g,1 and I g, * , respectively, which yields the action of Z/2Z on the homology of I g,1 and I g, * . Notice also that if v is a non-separating simple closed curve on
subgroup of index 2, since there exists a mapping class in I g that takes v to itself reversing the orientation of it. This yields the action of Z/2Z on the homology of Stab Ig (v).
For g ≥ 3, the Bestvina-Bux-Margalit homology classes for genus g are the images of the Bestvina-Bux-Margalit homology classes for genus g − 1 under the sequence of isomorphisms and injections
where v is a non-separating simple closed curve on S g , and ϕ : S g−1,1 ֒→ S g \ v is an embedding. Proposition 2.8. All isomorphisms and injections in (2.6) are Z/2Z-equivariant.
Proof. The last two injections in (2.6) are Z/2Z-equivariant, since they are induced by injections I g−1,1 ֒→ Stab Ig (v) ⊂ I g that can be extended to injections
The first isomorphism in (2.6) comes from the Hochschild-Serre spectral sequence for the short exact sequence
see [2, Lemmas 8.4, 8.8] . Namely, it coincides with the natural isomorphism
where I g−1 acts trivially on the group H 2 (π 1 (S g−1 )) = H 2 (S g−1 ) = Z. Any orientation preserving involution s on S g−1 that acts as −1 on H 1 (S g−1 ) and fixes the base point defines the action of Z/2Z on the short exact sequence (2.7), hence, on the corresponding Hochschild-Serre spectral sequence. Since the action of s on H 2 (S g−1 ) is trivial, we obtain that the isomorphism (2.8) is Z/2Z-equivariant.
As it was mentioned in the proof of Proposition 2.3, the second isomorphism in (2.6) comes from the Hochschild-Serre spectral sequence for the short exact sequence (2.3). Namely, it coincides with the natural isomorphism
Any orientation preserving involution s on S g−1,1 that acts as −1 on H 1 (S g−1,1 ) and rotates the boundary by π defines the involution on S g−1, * = S g−1,1 /∂S g−1,1 . Therefore it defines the action of Z/2Z on the short exact sequence (2.3), hence, on the corresponding Hochschild-Serre spectral sequence. Since the action of s on the group Z in (2.3) is trivial, we obtain that the isomorphism (2.9) is Z/2Z-equivariant.
Corollary 2.9. The Bestvina-Bux-Margalit homology classes in H 3g−5 (I g ) and their images in H 3g−2 (I g,1 ) are Z/2Z-invariant.
Proof. The group I 2 is generated by Dehn twists about separating curves. For each separating curve δ on S 2 , there exists an involution s ∈ Mod(S 2 ) that acts on H 1 (S 2 ) as −1 and takes δ to itself. It follows that the action of Z/2Z = I 2 /I 2 on H 1 (I 2 ) is trivial. The Bestvina-Bux-Margalit classes are obtained from generators of H 1 (I 2 ) by applying inductively the injective homomorphisms (2.6). So the required assertion follows from Proposition 2.8.
Systems of linearly independent classes in
We need the following generalization of the construction of abelian cycles. Suppose that K is a subgroup of a group G, ξ ∈ H l (K) is a homology class, and h 1 , . . . , h k are pairwise commuting elements of G belonging to the centralizer of K. Consider the homomorphism χ : Z k × K → G that is identical on K and sends the generator of the ith factor Z to h i for every i. We put
where µ k is the standard generator of the group
is an orthogonal with respect to the intersection form splitting that satisfies the following conditions:
• rank U i = 2 for i = 0, . . . , n − 1, and rank U n = 2g − 2n, • all summands in the decomposition 10) are nonzero. Obviously, the set U n is infinite.
Every summand in decomposition (2.10) can be uniquely written as x i = l i a i , where a i is primitive and l i > 0.
It is easy to see that for each splitting U ∈ U n , there exists a 3n-component multicurve Γ = ∆ ∪ L, where
that satisfies the following conditions (see Fig. 2 ): (∆1 n ) δ 1 , . . . , δ n are separating simple closed curves, (∆2 n ) S g \ ∆ consists of n + 1 connected components X 0 . . . , X n such that Figure 2 . Multicurve Γ and embedding ψ for U ∈ U n
• X 0 is a once-punctured torus adjacent to δ 1 ,
• for i = 1, . . . , n − 1, X i is a twice-punctured torus adjacent to δ i and δ i+1 , • X n is a one-punctured oriented surface of genus g − n adjacent to δ n , (∆3 n ) the image of the homomorphism
) that is adjacent to δ i is a three-punctured sphere and lies on the right-hand side from β i . We put g
Consider an oriented compact surface S g ′ ,1 of genus g ′ with one boundary component. Let G(U) be the set of all pairs (Γ, ψ) such that Γ is a multicurve satisfying conditions (∆1 n )-(∆3 n ) and (L1 n )-(L3 n ) and ψ : S g ′ ,1 ֒→ S g is an orientation preserving embedding satisfying the following conditions:
• the image of ψ is disjoint from Γ, • the part Z of S g enclosed between the curves δ n and ε, where ε is the boundary of ψ(S g ′ ,1 ), is a two-punctured torus, and the image of the homomorphism
) induced by the inclusion is a n , [β n ] . It is easy to see that an embedding ψ satisfying these conditions exists for any Γ. Therefore the set G(U) is non-empty for any U ∈ U n . By Proposition 2.3, cd(I g ′ ,1 ) = 3g ′ − 2, and the top homology group H 3g ′ −2 (I g ′ ,1 ) contains a free abelian subgroup of infinite rank. Let {ξ λ } λ∈Λ g ′ be an infinite system of linearly independent homology classes in H 3g ′ −2 (I g ′ ,1 ).
The embedding ψ induces the injection ψ * : I g ′ ,1 → I g (by extending homeomorphisms by the identity). The elements
and T δ i , where i = 1, . . . , n, pairwise commute and belong to the centralizer of the image of ψ * . Therefore we obtain well-defined homology classes
Theorem 2.10. Suppose that 1 ≤ n ≤ g − 3. For each U ∈ U n , choose an arbitrary pair (Γ U , ψ U ) ∈ G(U). Then the homology classes A U,Γ U ,ψ U ,λ , where U runs over U n and λ runs over Λ g−n−1 , are linearly independent in H 3g−5−n (I g ).
Since the sets U n and Λ g−n−1 are infinite, Theorem 1.1 follows from Theorem 2.10. (In fact, Theorem 1.1 would follow even if only one of the two sets U n and Λ g−n−1 were infinite.) Proposition 2.11. If {ξ λ } λ∈Λ g ′ is the Bestvina-Bux-Margalit system of linearly independent homology classes in H 3g ′ −2 (I g ′ ,1 ), then the classes A U,Γ,ψ,λ localized away from 2
− whenever n is odd and lie in H 3g−5−n (I g ; Z[1/2]) + whenever n is even. Proof. Let s be the rotation of S g by π around the horizontal axis in Fig. 2 . Then s acts on H 1 (S g ) as −1, hence, s ∈ I g and s / ∈ I g . Therefore H 3g−5−n (I g ; Z[1/2]) ± are the eigenspaces with eigenvalues ±1 for the action of s on
, and s(β ′ i ) = β i for all i. By Corollary 2.9, we have s * (ξ λ ) = ξ λ for all λ. Consequently,
The assertion of Theorem 1.7 for k > 2g − 3 follows immediately from Theorem 2.10 and Proposition 2.11.
3. Complex of cycles and Cartan-Leray spectral sequence 3.1. Complex of cycles. In this section we recall in a convenient for us form some definitions and results of [2] .
Let C be the set of isotopy classes of oriented non-separating simple closed curves on S g . Consider the cone R (1) the isotopy classes γ 1 , . . . , γ s contain representatives such that the union of these representatives is an oriented multicurve, (2)
The oriented multicurve in condition (1) (or its isotopy class) is called the support of the simple 1-cycle
Notice that a basic 1-cycle for the integral homology class x is always integral.
Denote by M the set of isotopy classes of oriented multicurves M on S g satisfying the following conditions:
(1) For each component γ of M, there exists a basic 1-cycle for x whose support is contained in M and contains γ. (2) Any non-trivial linear combination of the homology classes of components of M with nonnegative coefficients is nonzero. For an oriented multicurve M ∈ M, let P M be the convex hull in R C + of all basic 1-cycles for x with supports contained in M. Since there are finitely many such basic 1-cycles, P M is a finite-dimensional convex polytope. It is easy to see that P M is exactly the set of all simple 1-cycles for x with supports contained in M. If M, N ∈ M and N ⊂ M, then P N is a face of P M . (Notation N ⊂ M implies that the orientations of components of N are the same as their orientations in M.) Vice versa, any face of P M is P N for certain oriented multicurve N ∈ M contained in M. Besides, it is not hard to check that the intersection of any two polytopes P M 1 and P M 2 , where M 1 , M 2 ∈ M, is either empty or a face of both of them. The union of all polytopes P M , M ∈ M, is the regular cell complex B g , which was introduced by Bestvina, Bux, and Margalit [2] and was called by them the complex of cycles. Denote by C * (B g ) the cellular chain complex of B g with integral coefficients.
Remark 3.1. Bestvina, Bux, and Margalit described the construction of B g in a slightly different way. Namely, they defined B g to be the quotient space of the disjoint union of the cells P M , M ∈ M, by identifying faces that are equal in R C and endowing the quotient with the weak topology. These two constructions are equivalent to each other.
For M ∈ M, denote by |M| the number of components of M, by c(M) the number of components of S g \ M, and by D(M) the rank of the subgroup of H 1 (S g ) generated by the homology classes of components of M. By [2, Lemma 2.1],
We denote by M m the subset of M consisting of all M such that dim P M = m.
). The complex of cycles B g is contractible, provided that g ≥ 2.
Remark 3.3. In [2] the authors were not careful enough about condition (2) in the definition of M. Namely, they did not include explicitly this condition in the definition of the complex of cycles B g but later used it to prove that B g is contractible. Possibly, they thought that condition (2) is superfluous, since it follows from condition (1).
Nevertheless, the following example shows that this is not true. Let a 1 , a 2 , a 3 be three linearly independent homology classes that have trivial pairwise intersection numbers and generate a direct summand of H 1 (S g ). Suppose that x = a 1 + a 2 + 2a 3 . Consider a 5-component oriented multicurve M with components γ 1 , γ 2 , γ 3 , γ 4 , and γ 5 whose homology classes are a 1 , a 2 , a 3 , −a 1 − a 2 , and a 1 + a 2 + a 3 , respectively. Then γ 1 + γ 2 + 2γ 3 and γ 4 + 2γ 5 are basic 1-cycles for x. Therefore, M satisfies condition (1) and does not satisfy condition (2) . All results in [2] become completely correct if one includes condition (2) explicitly in the definition of the set M. Notice also that a thorough description of the complex of cycles including condition (2) was given in [8] .
The Torelli group I g acts cellularly and without rotations on the contractible complex B g . 'Without rotation' means that if an element h ∈ I g stabilizes a cell P M , then it stabilizes every point of P M . The fact that the action of I g on B g is without rotations follows from the theorem by Ivanov [9, Theorem 1.2] claiming that if an element h ∈ I g stabilizes a multicurve M, then it stabilizes every component of M.
3.2.
Cartan-Leray spectral sequence. In this section we recall some standard facts on the Cartan-Leray spectral sequence, see [3] for details. Usually, the Cartan-Leray spectral sequence is written for a cellular action of a group G on a CW-complex X. However, we need to consider the following more general purely algebraic situation.
Let G be a group. Let (C * , ∂) be a chain complex of left G-modules satisfying the following conditions:
(1) C k = 0 for k < 0, (2) every C k is a free abelian group with a fixed basis E k , (3) G acts on C k by permutations of elements of E k , i. e., gσ ∈ E k for all g ∈ G and all σ ∈ E k . If G acts cellularly and without rotations on a CW-complex X, then the cellular chain complex C * (X) with the basis consisting of cells of X with appropriate orientations satisfies these condition. The orientations of cells should agree each other in every Gorbit, which is possible, since the action is without rotations.
Recall that the tensor product A ⊗ G B of two left G-modules A and B is the quotient of the abelian group A ⊗ B by all relations of the form (ga) ⊗ (gb) = a ⊗ b, where g ∈ G.
Let (R * , d) be a projective resolution for Z over the group ring ZG, where Z is endowed with the structure of left ZG-module so that g · 1 = 0 for all g ∈ G \ {1}. Consider the double complex B * , * , where B p,q = C p ⊗ G R q , with differentials ∂ ′ and ∂ ′′ of bi-degrees (−1, 0) and (0, −1), respectively, given by
The Cartan-Leray spectral sequence for the action of G on C * is the spectral sequence E * * , * of the double complex B * , *
In particular, starting from page E 1 , the spectral sequence is independent of the choice of the projective resolution R * . Besides, if we choose another set of representatives of Gorbits Σ ′ p = {g σ σ} σ∈Σp , where g σ ∈ G, then the two corresponding isomorphisms (3.2) will differ by the direct sum of the isomorphisms H q (Stab G (σ)) → H q (Stab G (g σ σ) ) induced by the conjugations by g σ . We denote the canonical injection H q (Stab G (σ)) ֒→ E 1 p,q by ι σ . Remark 3.5. If C * = C * (X), then the basis consisting of cells of X is canonically defined only up to signs. More precisely, we may reverse simultaneously the orientations of all cells in any G-orbit. It is easy to see that the injection ι σ reverses its sign whenever we reverse the orientation of σ. 
is the s-dimensional G-equivariant homology group of C * , i. e., the s-dimensional homology group of the total complex for the double complex B * , * . Moreover, F p,q is exactly the image of the natural homomorphism
In the 'topological case' C * = C * (X), the proofs of Facts 3.4 and 3.6 can be found in [3, Section VII.7] , and (3.2) is exactly isomorphism (7.7) in [3] . The proofs for an arbitrary chain complex C * are literally the same. Obviously, the construction of the Cartan-Leray spectral sequence is functorial in the following sense. (3) and let E * * , * (i) be the corresponding Cartan-Leray spectral sequence. Suppose that χ : G 1 → G 2 is a homomorphism and ϕ : C
is a χ-equivariant chain mapping. Then the pair (ϕ, χ) induces a morphism of spectral sequences E * * , * (1) → E * * , * (2) that in page E ∞ is adjoint to the natural homomorphism H
Recall that if A is a left H-module and H is a subgroup of G, then the left G-module (3) and H is a subgroup of G. Let E * * , * (1) be the Cartan-Leray spectral sequence for the action of H on C * and let E * * , * (2) be the Cartan-Leray spectral sequence for the action of G on the chain complex D * = Ind G H C * . Then the spectral sequences E * * , * (1) and E * * , * (2) are naturally isomorphic to each other starting from page E 1 .
Proof. By Fact 3.7, the injection H ⊂ G and the injection ϕ : C * → D * given by ξ → 1⊗ξ induce a well-defined morphism of spectral sequences Φ : E * * , * (1) → E * * , * (2). Suppose that Σ p is a set of representatives of H-orbits of basis elements in C p . Then the elements 1⊗σ, where σ ∈ Σ p , constitute the set of representatives of G-orbits of basis elements in D p . The morphism Φ in page E 1 coincides with the isomorphism
Therefore Φ is an isomorphism starting from page E 1 .
3.3.
A lemma. Suppose that X is a contractible regular cell complex and G is a group acting on X cellularly and without rotations. Let E * * , * be the corresponding Cartan-Leray spectral sequence and let F * , * be the corresponding filtration in H * (G). Consider the cube [0, 1] n with standard coordinates t 1 , . . . , t n . Let F i be the facet of [0, 1] n given by t i = 0, and let F ′ i be the facet of [0, 1] n given by t i = 1. We denote by τ i the standard homeomorphism F i → F ′ i given by the parallel translation. Lemma 3.9. Let f 1 , . . . , f n be pairwise commuting elements of G and let P be an ndimensional cell of X satisfying the following conditions:
• there is a homeomorphism ϕ : [0, 1] n → P that maps every face of [0, 1] n homeomorphically onto a subcell of P , • the action by f i maps the cell ϕ(F i ) onto the cell ϕ(
. . , f n lie in the centralizer of Stab G (P ). Then for any u ∈ H q (Stab G (P )), the homology class A(f 1 , . . . , f n ; u) lies in the subgroup F n,q ⊆ H n+q (G) and its image under the projection
is represented by the class ι P (u) ∈ E 1 n,q . Proof. We put H = Stab G (P ).
Let Y be the standard decomposition of R n into unit cubes with vertices in points with integral coordinates. In particular, the cube Q = [0, 1] n is a cell of Y . The group Z n acts on Y by translations. This action is cellular and free. Let C * (Y /Z n ) be the cellular chain complex of the cell complex Y /Z n , which is the standard cell decomposition of the n-dimensional torus R n /Z n . It is easy to see that the differential of
. Let E * * , * be the Cartan-Leray spectral sequence for the action of Z n × H on Y , where the factor H acts trivially, and let F * , * be the corresponding filtration in H * (Z n × H). Obviously, E r p,q = 0 off the strip 0 ≤ p ≤ n. Since the stabilizer of every face of Y is exactly H, isomorphism (3.2) takes the form
3)
It follows from Fact 3.6 and the Künneth theorem that
Hence we obtain the natural isomorphism
It can be easily checked that isomorphism (3.4) is the composition of the natural inclusion E ∞ n,q ⊆ E 1 n,q and isomorphism (3.3). In particular this implies that E ∞ n,q = E 1 n,q . (In fact, it is not hard to prove that the spectral sequence E * * , * stabilizes at page E 1 .) Since the projection H n+q (Z n ×H) → H n (Z n )⊗H q (H) takes µ n ×u to µ n ⊗u and isomorphism (3.3) takes ι Q (u) to µ n ⊗ u, we obtain that the projection
Now, let χ : Z n × H → G be the homomorphism that is identical on H and takes the elements of the standard basis of Z n to f 1 , . . . , f n . Then the homeomorphism ϕ : Q → P has a unique χ-equivariant extension ϕ : Y → X. By Fact 3.7, the pair ( ϕ, χ) induces the morphism of spectral sequences Φ : E * * , * → E * * , * that in page E ∞ is adjoint to the homomorphism χ * : H * (Z m × H) → H * (G). Hence χ * (F i,j ) ⊆ F i,j for all i and j. Therefore the class A(f 1 , . . . , f n ; u) = χ * (µ n × u) belongs to F n,q and projects onto the class in E ∞ n,q represented by the element ι P (u) = Φ(ι Q (u)) ∈ E 1 n,q . 4. Auxiliary spectral sequences E * * , * (N) and E * * , * (N) Consider the complex of cycles B g and the cellular chain complex C * = C * (B g ). Throughout the rest of the present paper E * * , * is the Cartan-Leray spectral sequence for the action of I g on B g and F * , * is the corresponding filtration in H * (I g ).
The Torelli group I g acts naturally on M n for each n. We say that an I g -orbit N ⊆ M n is perfect if no oriented multicurve M ∈ M contains two distinct submulticurves N 1 and N 2 belonging to N.
For each m, the basis of C m consists of all P M , where M ∈ M m . Consider an arbitrary I g -orbit N ⊆ M n . Let K m (N) ⊆ C m be the subgroup generated by all P M such that M does not contain an oriented submulticurve belonging to N. Obviously, K m (N) is invariant under the action of I g and K * (N) is a chain subcomplex of C * . Consider the quotient chain complex of I g -modules 
Here PMod(S g \ N) is the pure mapping class group of S g \ N, that is, the subgroup of Mod(S g \ N) consisting of all mapping classes that stabilize every puncture of S g \ N.
Obviously, PMod(S g \ N) is the direct product of the groups PMod(Y i ) over all connected
We put
Obviously, the action of BP(N) on C N * is trivial. Therefore, C N * is the chain complex of H N -modules. Let E * * , * (N) be the Cartan-Leray spectral sequence for the action of H N on C N * . By Fact 3.7, the homomorphism j N induces the morphism of spectral sequences J N : E * * , * (N) → E * * , * (N). It is not hard to see that the spectral sequence E * * , * (N) and the morphism J N are independent (up to a canonical isomorphism) of the choice of a multicurve N ∈ N. Indeed, if N ′ is another multicurve in N, then for any mapping class f ∈ I g taking N to N ′ , the conjugation by f yields a natural isomorphism from the Cartan-Leray spectral sequence for the action of H N on C N * to the Cartan-Leray spectral sequence for the action of H N ′ on C N ′ * , and this isomorphism is independent of the choice of f . Finally, we obtain the morphism
The canonical isomorphism (3.2) takes the form
In particular,
The latter isomorphism is inverse to ι P N . Hence, by Remark 3.5, it changes sign whenever one reverses the orientation of P N .
5.
Proof of Theorem 2.1
Multicurves N. Let us consider a (2g − 2)-component oriented multicurve
that satisfies the following conditions (see Fig. 3 ): (N1) all components of N are non-separating simple closed curves,
is a four-punctured sphere that is adjacent to α i and α Obviously, N ∈ M. By (3.1), we have dim P N = g − 2, i. e., N ∈ M g−2 .
The set of isotopy classes of oriented multicurves N satisfying conditions (N1)-(N4) is invariant under the action of I g . We denote by O the set of I g -orbits of the oriented multicurves satisfying conditions (N1)-(N4).
Remark 5.1. Notice that there is exactly one possibility to re-order the components of N so that conditions (N1)-(N4) will still be satisfied. Namely, we can put It is easy to see that for each splitting U = (U 0 , . . . , U g−1 ) ∈ U, there is a unique I g -orbit D U of multicurves ∆ = δ 1 ∪ · · · ∪ δ g−1 satisfying conditions (∆1)-(∆3) in Section 2.1. Unlike for N, we always consider ∆ as a multicurve with ordered components, and D U is the I g -orbit of multicurves with ordered components. This means that we differ between the multicurve ∆ and the multicurve ∆ obtained from ∆ by reversing the order of components, and so D U = D U .
We say that a splitting U ∈ U and an orbit N ∈ O are compatible if there are multicurves ∆ ∈ D U and N ∈ N that are disjoint from each other. It is easy to see that this can happen only in two cases:
( Proof. Suppose that ∆ ∈ D U and use notation introduced in Section 2.1. Every a i is a primitive element of U i , which is the image of the homomorphism H 1 (X i ) → H 1 (S g ) induced by the inclusion. Choose oriented simple closed curves α 0 ⊂ X 0 and α g−1 ⊂ X g−1 that represent the homology classes a 0 and a g−1 , respectively. Every X i , where i = 1, . . . , g − 2, is a twice-punctured torus. Hence there exists a pair of homologous non-isotopic oriented simple closed curves on X i that represent the homology class a i and decompose X i into two components either homeomorphic to a three-punctured sphere.
We denote these simple closed curves by α i and α To describe all splittings U ∈ U compatible with the given orbit N ∈ O, we introduce an operation on U, which will be called a shift. Suppose that U = (U 0 , . . . , U g−1 ) ∈ U and use notation introduced in Section 2.1. Choose homology classes b i ∈ U i such that
we shall say that the shift of U by k is the splitting
, where
Since the homology class b i ∈ U i satisfying a i · b i = 1 is defined up to a multiple of a i , it follows that the obtained splitting U[k] is independent of the choice of the classes b i . It is easy to check that the splitting U[k] is orthogonal with respect to the intersection form, hence, belongs to U. Further, we have
Let U N be the set of all splittings U ∈ U compatible with N ∈ O. The following proposition describes the set U N .
there is a splitting U ∈ U compatible with N, (2) if U ∈ U is a splitting compatible with N, then a splitting V ∈ U is compatible with N if and only if either
Proof. Take a multicurve N ∈ N and use notation in (N1)-(N4). For each i = 1, . . . , g−1, take a simple closed curve δ i in Y i that separates α i and α Figure 5 . Curves δ i and γ i
Obviously, this multicurve is disjoint from N. Hence U[k] is compatible with N for all k. Therefore U[k] is also compatible with N for all k. Now, let V = (V 0 , . . . , V g−1 ) ∈ U be an arbitrary splitting compatible with N. Then there exists a multicurve ∆ = δ 1 ∪ · · · ∪ δ g−1 that belongs to D V and is disjoint from N. Replacing V with V if necessary, we may achieve that
Then the image of the homomorphism H 1 (R i ) → H 1 (S g ) induced by the inclusion can be written in the following two ways:
Since both U and V are orthogonal splittings of H 1 (S g ) and a i belongs both to U i and to V i for all i, equalities (5.3) easily imply that
Proposition 5.4. Suppose that a splitting U ∈ U is compatible with an orbit N ∈ O. Suppose that N ∈ N and ∆ and ∆ are two multicurves in D U either of which is disjoint from N. Then there exists a mapping class h ∈ I g such that h(N) = N and h(∆) = ∆. Denote by F ∞ the free group with countably many generators.
Proposition 5.5. We have
where for each i, the ith factor F ∞ is the subgroup of PMod(Y i ) generated freely by the elements
Proof. Every PMod(Y i ) is the free group with two generators T δ i and T γ i . Consider the homomorphism
such that κ(T δ i ) = 0 and κ(T γ i ) = e i for all i, where e 1 , . . . , e g−1 is the standard basis of Z g−1 . Obviously, the kernel of κ is exactly the direct product F ∞ × · · · × F ∞ in the right-hand side of (5.4). We need to prove that H N = ker κ. Since y i,k is the Dehn twist about the separating curve T k γ i (δ i ), we see that y i,k ∈ H N . Hence ker κ ⊆ H N . On the other hand, it is easy to see that the multicurve f (∆) belongs to
Corollary 5.7. The group H g−1 (H N ) is the free abelian group with basis consisting of the abelian cycles A(y 1,k 1 , . . . , y g−1,k g−1 ) , where k = (k 1 , . . . , k g−1 ) runs over Z g−1 .
To the pair (U, N) we assign the abelian cycle
It follows easily from Proposition 5.4 that the homology class θ U,N is independent of the choice of ∆. It is easy to see that
As we have already mentioned, for each k = (k 1 , . . . , k g−1 ), the mutlicurve
Combining Corollary 5.7 and Proposition 5.3, we obtain the following proposition.
Proposition 5.8. The group H g−1 (H N ) is generated by the abelian cycles θ U,N , where U runs over U N . All relations between the abelian cycles θ U,N in H g−1 (H N ) follow from relations (5.5).
Proposition 5.9. Suppose that M ∈ M m and M ⊇ N. Then
Let ε 1 , . . . , ε m−g+2 be the components of M that are not components of N. It is easy to see that two different components ε s and ε t cannot lie in the same component
Suppose that ε s lies in Y is , s = 1, . . . , m − g + 2, and put
The curve ε s decomposes Y is into two pieces either of which is a three-punctured sphere. Hence PMod(Y is \ε s ) = 1. Therefore no non-trivial element of PMod(Y is ) fixes a curve ε s . It follows easily that the subgroup Stab H N (M) ⊆ H N is exactly the direct product of the 2g − 3 − m factors in decomposition (5.4) with numbers in I ′ .
5.3. Homomorphisms Φ N . We take N ∈ O and study the corresponding spectral sequence E * * , * (N). The following proposition implies that this spectral sequence is well defined. Since N ⊆ M g−2 , the following proposition is a direct consequence of formulae (4.3) and (4.4) and Proposition 5.9. g−2 → P N is given by
So we may endow P N with the orientation corresponding to the standard orientation
It is easy to see that re-ordering the components of N by (5.2), we change the orientation of P N by the sign (−1) (g−1)(g−2)/2 . For each splitting U = (U 0 , . . . , U g−1 ) ∈ U N , we construct an element θ U ∈ E 1 g−2,g−1 (N) in the following way. Choose N ∈ N. There are two different possibilities to denote the components of N by α i and α ′ i so that to satisfy conditions (N1)-(N4). However, exactly one of these two possibilities in addition satisfies [α i ] ∈ U i , i = 0, . . . , g − 1. We fix this particular presentation of N in form (5.1), and endow P N with the corresponding orientation. Let θ U be the image of θ U,N under the isomorphism ι P N :
corresponding to this choice of the orientation. It is easy to see that the element θ U is independent of the choice of a multicurve N in N. If we replace U with U, then the orientation of P N will change by the sign (−1) (g−1)(g−2)/2 . Combining this with (5.5), we get θ U = θ U . Hence Proposition 5.8 can be reformulated as follows.
Proposition 5.13. The group E 1 g−2,g−1 (N) is the free abelian group with basis consisting of the elements θ U = θ U , where U runs over U N . In other words, the elements θ U , where U ∈ U N , generate E 1 g−2,g−1 (N) and all relations between them follow from the relations θ U = θ U .
We denote by Φ N the composition of mappings 
Proof. Consider a multicurve Γ = ∆ ∪ L satisfying conditions (∆1)-(∆3) and (L1)-(L3), and use notation in Section 2.1. In particular, let x i = l i a i be the summands in decomposition (2.2). Put
We construct an oriented multicurve N as follows. We choose arbitrary oriented simple closed curves α 0 ⊂ X 0 and α g−1 ⊂ X g−1 that represent the homology classes a 0 and a g−1 , respectively. For every i = 1, . . . , g −2, we choose an oriented simple closed curve α i in X i that represents the homology class a i and has a unique intersection point with either of the curves β i and β ′ i , and we put α
It is easy to see that the curves α i , α ′ i , β i , and δ i are situated as it is shown in Fig. 6 . (More precisely, we can choose the curves α ′ i in the isotopy classes f i (α i ) so that the curves are situated as it is shown in Fig. 6 .) Then the oriented multicurve
satisfies conditions (N1)-(N4) and is disjoint from ∆ = δ 1 ∪· · ·∪δ g−1 . Therefore N ∈ N U . Consider the homology class and f i stabilizes α j and α
. Moreover, the action by f i yields the homeomorphism P N i → P N ′ i that is identified by ϕ with the parallel translation taking F i to F ′ i . Therefore the cell P N , the homeomorphism ϕ, the mapping classes f 1 , . . . , f g−2 , and the homology class u satisfy all conditions in Lemma 3.9. Hence A U,b belongs to F g−2,g−1 and goes under the projection F g−2,g−1 → E ∞ g−2,g−1 to the class represented by ι P N (A (T δ 1 , . . . , T δ g−1 )) ∈ E 1 g−2,g−1 . Since
we obtain (5.7). 
that satisfies the following conditions (see Fig. 7 ): (N1 n ) all components of N are non-separating simple closed curves, (N2 n ) α ′ i is homologous to α i for i = 1, . . . , n, (N3 n ) S g \ N consists of n + 1 connected components Y 1 , . . . , Y n+1 such that
• for each i = 1, . . . , n, Y i is a four-punctured sphere that is adjacent to α i and α • Y n+1 is a twice-punctured surface of genus g ′ = g − n − 1 that is adjacent to α n from the right and to α ′ n from the left,
It is easy to see that any oriented multicurve N satisfying these conditions belongs to M n . We denote by O n the set of I g -orbits in M n consisting of oriented multicurves satisfying conditions (N1 n )-(N4 n ).
It is not hard to see that for each U ∈ U n , there is a unique I g -orbit D U of multicurves ∆ = δ 1 ∪· · ·∪δ n satisfying conditions (∆1 n )-(∆3 n ). Unlike the previous section, we do not need to care about the order of components of ∆, since every mapping class stabilizing ∆ necessarily stabilizes every component δ i .
We say that a splitting U ∈ U n and an orbit N ∈ O n are compatible if there are multicurves ∆ ∈ D U and N ∈ N that are disjoint from each other. It is easy to see that this happens if and only if α i ⊂ X i , α Suppose that U = (U 0 , . . . , U n ) ∈ U n and use notation in Section 2.3. Choose homology classes b i ∈ U i such that a i · b i = 1, i = 0, . . . , n − 1. For each integral vector k = (k 1 , . . . , k n ) ∈ Z n , we define the shift of U by k to be the splitting
n−1 with respect to the intersection form. As in the previous section, U[k] is independent of the choice of the classes b i , U[k] belongs to U n , and
Therefore, shift yields the free action of Z n on U n . The proofs of the following three propositions are completely similar to the proofs of Propositions 5.2, 5.3, and 5.4, respectively. Proposition 6.1. For each splitting U ∈ U n , there exists a unique orbit N U ∈ O n compatible with it. Proposition 6.2. Suppose that N ∈ O n . Then
(1) there is a splitting U ∈ U n compatible with N, (2) if U ∈ U n is a splitting compatible with N, then a splitting V ∈ U n is compatible with N if and only if
Proposition 6.3. Suppose that a splitting U ∈ U n is compatible with an orbit N ∈ O n . Suppose that N ∈ N and ∆ and ∆ are two multicurves in D U either of which is disjoint from N. Then there exists a mapping class h ∈ I g such that h(N) = N and h(∆) = ∆. Recall that Y n+1 is the oriented surface of genus g ′ = g − n − 1 with two punctures. Since n ≤ g − 3, we have g ′ ≥ 2. Let Σ be the one-point compactification of Y n+1 . Then Σ is homeomorphic to a closed oriented surface of genus g ′ with two points identified. Since every homeomorphism of Y n+1 onto itself extends uniquely to Σ, we obtain that the group PMod(Y n+1 ) acts naturally on H 1 (Σ) ∼ = Z 2g ′ +1 . Let G be the kernel of this action. The following analog of Proposition 5.5 describies the subgroup
Proposition 6.4. We have
Proof. The proof of the inclusion H N ⊆ F ∞ × · · · × F ∞ × G is completely the same as the proof of the corresponding inclusion in Proposition 5.5. Besides, y i,k ∈ H N for all i and k. Hence we only need to prove that G is contained in
It is easy to see that any mapping class f ∈ PMod(Y n+1 ) can be represented by an orientation preserving homeomorphism F : Y n+1 → Y n+1 that extends to a homeomorphism F : Y n+1 → Y n+1 fixing every point of α n ∪α ′ n . Extend F by the identity to a homeomorphism S g → S g and let h ∈ Mod(S g ) be the mapping class represented by this homeomorphism. Obviously, h stabilizes the homology class a n = [α n ]. Suppose that f ∈ G. Then h acts trivially on the quotient H 1 (S g )/ a n . It follows that the action of h on H 1 (S g ) has the form h * (c) = c + s(c · a n )a n for certain s ∈ Z independent of c. Then the mapping class hT −s αn belongs to Stab Ig (N) and j N (hT
Consider an orientation preserving embedding ψ : S g ′ ,1 → Y n+1 and take λ ∈ Λ g ′ . We construct a homology class θ U,N,ψ,λ ∈ H 3g−5−2n (H N ) in the following way. The embedding ψ induces the homomorphism ψ * : I g ′ ,1 → G. The Dehn twists T δ 1 , . . . , T δn lie in the centralizer of G, hence, in the centralizer of the image of ψ * . We put
It follows easily from Proposition 6.3 that the homology class θ U,N,ψ,λ is independent of the choice of the multicurve ∆ ∈ D U disjoint from N.
Proof. Consider an auxiliary oriented closed surface S g ′ +1 of genus g ′ + 1, a nonseparating simple closed curve v on S g ′ +1 , and an orientation-preserving homeomorphism χ :
It follows from exact sequence (4.1) that
is an injection. Arguing as in the proof of Proposition 6.4, one can easily show that the isomorphism PMod(Y n+1 ) ∼ = PMod(S g ′ +1 \ v) induced by χ takes the groups G exactly to the image of j v . Therefore, Proposition 6.5 follows immediately from Proposition 2.7.
Remark 6.6. The facts that the subgroup G ⊆ PMod(Y n+1 ) consisting of all mapping classes that act trivially on H 1 (Σ) is a factor in (6.2) and goes to the image of j v under the isomporphism χ * are special cases of a result by Putman [15, Theorem 3.3] . The only difference is that Putman considered surfaces with boundary components rather than with punctures.
It is easy to check that for each k = (k 1 , . . . , k n ) ∈ Z n , the mutlicurve
,N,ψ,λ = A(y 1,k 1 , . . . , y n,kn ; ψ * (ξ λ )).
Combining Propositions 6.4, 6.5, and 6.2 and using the Künneth theorem, we obtain the following. Proposition 6.7. Let us fix N, N, and ψ as above. Then the homology classes θ U,N,ψ,λ , where U runs over U N and λ runs over Λ g ′ , are linearly independent in H 3g−5−2n (H N ).
The following proposition is substantially contained in [2] . For the convenience of the reader, we explain how to extract its proof from [2] . where bp(M) is the rank of the free abelian group BP(M).
Proof. Denote the connected components of S g \ M by R 1 , . . . , R Z so that R i has genus g i ≥ 1 for 1 ≤ i ≤ P and R i has genus 0 for P + 1 ≤ i ≤ Z. Let p i be the number of punctures of R i . The proof of Lemma 6.12 in [2] contains the estimate
(p i − 3).
Further, in the proof of Lemma 6.13 in [2] it is shown that the right-hand side of this inequality is equal to 3g − 3 − P − |M|. By 6.3. Homomorphisms Φ N . We take N ∈ O n and study the corresponding spectral sequence E * * , * (N). The following proposition implies that this spectral sequence is well defined.
Proposition 6.10. Any I g -orbit N ∈ O n is perfect.
Proof. Assume that M ∈ M is an oriented multicurve containing two different submulticurves N and N that belong to N. Denote the components of N by α i , α for all λ ∈ Λ g−n−1 . (N depends on Γ and ψ but is independent of λ.)
Proof. We use notation introduced in Section 2.3. In particular, let x i = l i a i be the summands in decomposition (2.10). Put f i = T β i T −1 β ′ i , i = 1, . . . , n. We construct an oriented multicurve N as follows. First, we choose an arbitrary oriented simple closed curve α 0 ⊂ X 0 that represents the homology class a 0 . Second, for every i = 1, . . . , n − 1, we choose an oriented simple closed curve α i ⊂ X i that represents the homology class a i and has a unique intersection point with either of the curves β i and β ′ i . Third, we choose an oriented simple closed curve α n ⊂ X n \ ψ(S g ′ ,1 ) that represents the homology class a n and has a unique intersection point with either of the curves β n and β ′ n . Finally, we put α ′ i = f i (α i ), i = 1, . . . , n. It is easy to see that the curves α i , α ′ i , β i , δ i are situated as it is shown in Fig. 9 . (More precisely, we can choose the curves α ′ i in the isotopy classes f i (α i ) so that the curves are situated as it is shown in Fig. 9 .) Then the oriented multicurve
satisfies conditions (N1 n )-(N4 n ) and is disjoint from the multicurve ∆ = δ 1 ∪ · · · ∪ δ n . Therefore N belongs to the I g -orbit N U . Consider the homology classes u λ = A(T δ 1 , . . . , T δn ; ψ * (ξ λ )) ∈ H 3g−5−2n (Stab Ig (N)), λ ∈ Λ g−n−1 .
Then A U,Γ,ψ,λ = A(f 1 , . . . , f n , T δ 1 , . . . , T δn ; ψ * (ξ λ )) = A(f 1 , . . . , f n ; u λ ). Arguing in the same way as in the proof of Proposition 5.14, we obtain that the cell P N , the homeomorphism ϕ : [0, 1] n → P N given by (6.4), the mapping classes f 1 , . . . , f n , and the homology class u λ satisfy all conditions in Lemma 3.9. Hence A U,Γ,ψ,λ belongs we obtain (6.5).
Theorem 2.10 follows from Propositions 6.7 and 6.13.
